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We consider several classes of noncommutative inflationary models within an extended version of 
patch cosmological braneworlds, starting from a maximally invariant generalization of the action 
for scalar and tensor perturbations to a noncommutative brane embedded in a commutative bulk. 
Slow-roll expressions and consistency relations for the cosmological observables are provided, both 
in the UV and IR region of the spectrum; the infiaton field is assumed to be either an ordinary scalar 
field or a Born-Infeld tachyon. The effects of noncommutativity are then analyzed in a number of 
ways and energy regimes. 
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I. INTRODUCTION 

The idea that the early Universe experienced a phase 
of accelerated expansion has come to a crucial point. 
Born as a panacea for some problems of the standard 
big bang scenario, the inflationary paradigm has been 
developed and refined during these years, always success- 
fully explaining the available observational data. The up- 
coming generation of high-precision cosmological experi- 
ments such as WMAP (Wilkinson Microwave Anosotropy 
Probe) m y, |3| and Planck |^ might definitely oper- 
ate a selection on the great amount of infiation-inspired 
models. On the other hand, new theoretical scenarios in 
which the high-energy physics grows more and more in 
importance have produced a set of interesting research 
fields implementing the traditional 4D cosmology: there- 
fore we have string cosmology, braneworld cosmology, 
noncommutative cosmology, and so on. 

In their seminal paper [SJ , Brandenberger and Ho pre- 
sented a model of large-scale perturbation spectra, in 
which a noncommutative geometrical structure is gen- 
erated by the stringy spacetime uncertainty relation 
(SSUR) 



AtAx„ > li 



(1) 



where Is is the string length scale and Xp — a{t)x is a 
physical space coordinate. It has been argued that this is 
a universal property for string and brane theory [S Q • 
This picture (henceforth "BH" ) has then been further 
explored in |i,[l3,[lllll|ll|lllll and presents many 
common features with trans-Planckian scenarios with a 
modified dispersion relation [H IH El El US il HI . 

In this paper we construct another noncommutative 
model based on the same philosophy of j^] and confront 
it with BH in its two versions, the first one with the 
Friedmann-Robertson- Walker (FRW) 2-sphere factored 
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out in the action measure and the second one with a 
unique effective scale factor. Scalar and tensor ampli- 
tudes and indices as well as consistency equations are 
obtained through the slow-roll (SR) formalism, both for 
an ordinary scalar field and a Born-Infeld cosmological 
tachyon. All the observables turn out to be functions 
of a noncommutative parameter, called /^, measuring the 
magnitude of the Hubble energy H at the time of horizon 
crossing in comparison with the fundamental string mass 
Ms - 17'- 

Some works have studied the inflationary perturba- 
tions treating /x on either almost [13, UM o^ exactly 
jla [Tjl the same ground of the SR parameters, com- 
puting UV amplitudes and indices via a double or SR 
expansion for small parameters, respectively. Here we 
will follow a different approach and consider /i as a dis- 
tinct object with respect to the SR tower; we will keep 
only the lowest-SR-order part of the observables and re- 
gard any /i-term as pertaining to these leading-SR-order 
quantities. We stress that, while the parameter fj, ac- 
counts for nonlocal effects coming from the string scale 
Is, the SR tower is determined by the dynamics of the 
cosmological inflationary expansion. Therefore, they de- 
scribe quite distinct physical phenomena. In fact, there 
is no connection between /z and the recursively defined 
SR tower, although even the first SR parameter is intro- 
duced by hand; the elements of the tower are built up of 
time derivatives of H and they all vanish in a de Sitter 
background, while fj,, which contains only the Hubble pa- 
rameter and the string scale, does not. In particular, the 
lowest-SR-order spectral amplitudes, equivalent to those 
obtained in a quasi-de Sitter model, will depend on /i. 
Besides this motivation, such a procedure has additional 
advantages. For example, we can study regimes with not- 
so-small fj, within the SR approximation; secondly, if one 
keeps the magnitude of /i unconstrained, one can also 
explore the IR region of the spectrum, /i ^ 1, through 
appropriate techniques. 

These effective noncommutative models can be ex- 
tended to braneworld scenarios in which the 3-brane ex- 



periences a cosmological expansion governed by an effec- 
tive Friedmann equation. The precise theoretical setup is 
highly nontrivial even in the commutative case, because 
of the number of requirements to impose on the back- 
ground forms and spacetime geometry in order to have 
a cosmological four-dimensional variety. We will phe- 
nomenologically assume to have a 3-brane in which the 
SSUR QJ holds for all the braneworld coordinates {x'^}, 
j^ = 0, 1, 2, 3, while the extra dimension y along the bulk 
remains decoupled from the *-algebra. 

A very qualitative way to see how such a noncommu- 
tative scenario might emerge is the following. One of 
the most promising braneworlds is the Randall-Sundrum 
(RS) model 23, 2^ or its Gauss-Bonnet (GB) general- 
ization (e.g., |25ll26| |. and references therein), motivated 
by M-theory as low-energy products of a dimensionally 
reduced IID supergravity to a lOD string theory, down 
to a 5D effective gravity [13, IM El US IM IH (23 (see 
also Is!)- The resulting IID manifold is AdSs x Xcy, 
where the brane is located at the fixed point y = yt oi 
the Z2 symmetry in the 5D anti-de Sitter bulk and the 
other six dimensions are compactified on a Calabi-Yau 
3-fold Xcy- The 5D gravitational coupling is related to 
the IID one by k^ — Kii/Vcy, where Vcy is the internal 
volume of the Calabi-Yau space and nf^ — M~^; thus, 
we will identify the noncommutative string mass as the 
fundamental energy scale of the full theory. To diagonal- 
ize the noncommutative algebra and induce a pure 4D 
SSUR on the brane one might fix the expectation values 
of the IID background fields such that the extra direc- 
tion commutes, [y, x"] — 0. Some other subtleties to deal 
with are discussed in Sec. IIII CI 

A useful approach to study perturbation spectra in 
braneworld scenarios is patch cosmology, which makes 
use of a nonstandard Friedmann equation, coupled to the 
slow-roll formalism; despite all the shortcomings of this 
approximated treatment of extra-dimensional physics, it 
gives several important first-impact informations. The 
four dimensional scenario is automatically included. 

We will not provide a full derivation of standard results 
and leave the reader to consult the available literature. 
For an introduction to inflation and perturbation theory, 
see [33, H^ . For a review on braneworld, see [33 . For 
patch cosmology, scalar and tachyon inflation, and a more 
complete list of assumptions, technicalities, comments, 
and references, see |26|."^ 

The plan of the paper is as follows. The general setup 
is established in Sec. E) further developing the formalism 
of [23 ; in Sec. IIIII we review the BH models and intro- 
duce a new prescription for the noncommutative action, 
describing then the UV and the IR spectral regions. Sec. 
II VI full V develops these models; in Sec. ^\a detailed anal- 
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ysis summarizes the main results and Sec. I VII is devoted 
to concluding remarks. 



II. GENERAL SETUP 

We will keep the general framework of a noncommu- 
tative 3-brane in which, either in a limited time inter- 
val during its evolution or in a given energy patch, the 
cosmological expansion satisfies an effective Friedmann 
equation 



H' 



py 



(2) 



where q is constant and /3g > is some factor with en- 
ergy dimension [(3q\ = E^^^"^. Often we will use the more 
convenient parameter 6 = 2{1 — q~^). Table Q] reports 
the characteristics of the 4D and braneworld cosmologies 
we will consider. There, K5 ~ Sttto^'^ = M^^ is the 
five-dimensional gravitational coupling, a is the Gauss- 
Bonnet coupling and A is the brane tension. Gravity 
experiments impose M5 > 10^ GeV and A"'^/'* ^ 10'^ 
GeV; best-fit analyses of BH noncommutative models 
gives estimates for the string scale M^ ^^ 10^^ — 10^^ 
GeV [ajll3- ^^ typical Hofava-Witten scenarios, the fun- 
damental scale is of order of the GUT scale, Mg ~ 10^^ 
GeV. 
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k1/6A 

K.l/3 



We neglect any contribution from both the Wcyl ten- 
sor and the brane-bulk exchange; assuming there is some 
confinement mechanism for a perfect fiuid with equation 
of state p = wp, the continuity equation on the brane 
reads p + 5H{p + p) = 0. Let us consider an inflationary 
four-dimensional fiat universe filled with an homogeneous 
inflaton field ip. If this is an ordinary scalar field 4>{t) with 
potential V, then the energy density and pressure are 



and the effective equation of motion is 
4> + 3H^ + V^' = . 



(3) 



(4) 



Another choice is to consider a homogeneous tachyon 
field T{t), that is a scalar, causal field satisfying the 
Dirac-Born-Infcld action 15311541 



^DBi = I d^x{-afV{T)y/l~f^-, 



(5) 



energy density and pressure read 

V{T) 



P 
P 



cs 



where cs — 



-w 



~V{T)cs 



V{Tf 



(6) 

(7) 



A. Slow-roll parameters and commutative 
observables 

According to the inflationary paradigm, an early- 
Universe period of accelerated expansion is driven by a 
scalar field slowly "rolling" down its potential toward a 
local minimum. Thanks to this idea, one can construct a 
set of useful quantities (the SR parameters) which govern 
the dynamics of the system and make the computational 
task easier through suitable SR expansions. The first pa- 
rameter is the time variation of the Hubble length H^^ , 



H 



3q(l 



(8) 



Full SR towers involving either the Hubble parameter 
or the inflaton potential can be defined from dynamical 
considerations within the Hamilton- Jacobi formulation of 
the problem. Here we will need only the first three bricks 
of the Hubble tower. For a scalar field, these are 



3g/3, 



2-6 



J?* 



£' 

>•<!> 



d\n4> 
din a 



iJ2- 



iJ0 




m<t) 



nl- 



(9) 
(10) 

(11) 



The evolution equations of the parameters are second- 
SR-order expressions, 






(12a) 
(12b) 



further time derivatives raise the SR order by one at each 
step. For the tachyon field, the SR parameters are 



(13) 
(14) 

(15) 



Vt 



e 




with time variation 

Vt 



T 



—2He-rrjT , 



vl, 



(16a) 
(16b) 



Note that one can compute second- SR-order tachyon ex- 
pressions by going to the formal limit 6* ^ 2 in Eq. (|12a|l . 
A derivation of the perturbation amplitudes will be 
seen in the noncommutative case. Here, we just quote 
the results for the commutative observables, denoted by 
a superscript (c). The perturbation amplitudes can be 
written as 



A(=) 



aH 



(17) 



to lowest SR order (equivalently, in a quasi de Sitter 4D 
spacetime). In general, the squared function z is 



c 



a'^{p + p) , a2(l + w) 



iJ2 



' Pl-'H<^ 



(18) 



where Qq is a proportionality coefficient; for an ordinary 
and tachyon scalar on the brane, 



z(0) 
z{T) 



a(j) 



aT 



csiil'^^H^I^ 



(19) 
(20) 



with Cg('/') — 1 and C,q(T) ~ l/cs- The scalar amplitude 
is, to lowest SR order. 



A(/)2 



3-7/3, 



ij2 



257r2 



2e 



(21) 



where e is given by either Eq. ^ or (|13|l . according to 
the model. The spectral index and its running are, to 
lowest SR order. 



i(/) - 1 ^ 



vC':) 



dln^ 



(c)2 



din A: 



dn. 



(c) 



(ilnfc 



= 2r], - 46, , (22) 

5(n(^)-l) + 4(3 + e)e, 



while for the tachyon 

n^f^ - 1 = 2ryr - (2 + 0) e^ 



(23) 



(24) 



v(-) 



(3 + 61)6^ (n^=J-l) + (2 + 6')eT .(25) 



These equations can be obtained through Eq. H12|) and 
the lowest-order relation 



(26) 



din A: Hdt 



In Eqs. H23|l and H25|l . the parameter ^ has been dropped 
(see the discussion in |2a|'). 

Let X be the inverse of the bulk curvature scale; the 
effective 4D Newton constant is K4 = k|x/(1 + 4ax^)j 
which in RS gives y^ = Ak|/6. The gravitational spec- 
trum in RS and GB scenarios has been investigated in 

(c)2 _ 



25l l55l for a de Sitter brane. It turns out that A 



,W2 



lM2 



^lJ.4J-,^F^(i7/x), where ^4(4^) is the commutative 4D am- 

pHtude with Z4D = ^jiaj ka,. Fa is a com.pHcated function 
of a and H/x determined by the normaUzation of the 
y-dependent part Co(y) of the graviton zero mode calcu- 
lated on the brane position, F^ = Colyfe)'*!/'*!- Writing 
Aj ~ ~ ~ 



A'J,,t^-.zIy)/z^, one has 



^t(4D)' 



zih) 



Via 

K^Fa 



(27) 



This remarkably simple generalization of the 4D func- 
tion z is possible only because of the maximal symmetry 
of the de Sitter brane, which permits a variable separa- 
tion of the wave equation for the Kaluza-Klein gravity 
modes, hfj,^{x,y) -^ h)^' {x)S^m{y) ■ To be consistent with 
the patch solution |(2Jl , we consider the approximated ver- 
sion F"} of F^ in the proper energy limits: F^ — 1 k, 

F^{H/x^l) in 4D, F^ = 3H/{2x) « F2(H/x»1) in RS, 
and i^2^3 = (1 + Aax^)/{8axH) « F2(i//x»l) in GB 
[23 ■ We can write down the patch version of Eq. (|?7|l by 
noting that in four dimensions the graviton background 
can be described by Eq. ifTH)) with Ci(/i) = 1 and a per- 
fect fluid ph — —ph/'i which does not contribute to the 
cosmic acceleration a = aH^{l — e), being e = 1 in Eq. 
0. Generalizing this stationary-solution trick one has 
w{h) = 2/{3q) - 1 and 



z{h) 



Fl 



\/2a 



K4F, 



SqP^'H^ 



Cq{h)nl 



(28a) 
(28b) 



where the coefficient C,q{h) is determined by the gravity 
model and is Ci(^) = 1 = C2/3(/i) and C,2{h) = 2/3. The 
commutative tensor amplitude is then 



,(c)2 



3g/32~« ij2+e 



* 257r2 2Cq{h) ' 

while the spectral index and its running are 



Ac) 






d\nA\ 



(c)2 



= -(2- 



dlnfc 

{2 + 6)t [(n(^) - 1) + (2 + I 



(29) 

(30) 

(31) 



both for the ordinary scalar and the tachyon field. The 
tensor-to-scalar ratio is 



,(c) 



A. 



(c)2 



l(c)2 



Uh) 



(32) 



B. Leading-order noncommutative observables 

Let A denote a lowest-order perturbation amplitude, 
A G {At, As}] in general, it can be written as 



A(/.,,7J, V)=A(^)(i/, V')S(/i*), 



(33) 



where /x* is a noncommutative parameter to be defined 
later, A^"^^ = A(E=1) is the amplitude in the commuta- 
tive limit, and S(/i,) is a function encoding leading-SR- 
order noncommutative effects. It will turn out that, up 
to 0{e'^) terms. 



d\nT? 
dink 



(34) 



where a — a{p,^) is a function of /j,, such that a = 0(e). 
The spectral index is 






(35) 



for the scalar spectrum, n = Ug — I. The index running 
is 



dn ,,^ rf2 1j^ 5^2 
— a^ ' 



(36) 



dlnfc rflnA:2 

In the scalar field case, the last term can be written as 
d2lnE2 



rfln/c^ 



ae^ [{2-e- a) e^ - 2r]^ 



(37) 



[here (t — —&/{aHe) to first SR order] with 9 ^ 2 in the 
tachyon case. Because of Eq. (|33|) . the tensor-to-scalar 
ratio is r = r^'^' and the consistency equations read 

as{(f>) = rCg{(5-cr)(n5 - 1) 

+ [4(3 + 9)-a{7 + e + a-c7)] rCJ , (38) 
a.(T) = rCq{i3 + e-a)ins-l) 

+ [(2 + 0){'S + 9)-a{5 + 29 + a- a)] <«} . 

(39) 

The lowest-SR-order consistency equation for the tensor 
index is 



nt^[a-{2 + e)]Cgr, 



(40) 



and its running is 



at^rCq{{2 + 9- a)(n, - 1) + [{2 + 6 - af - aa] <,} 

(41) 
There is also a next-to- leading order version of Eq. 140|l . 
which we will not consider here. 



III. NONCOMMUTATIVE MODELS 

Let us introduce the new time variable r S M"*", r = 
J adt = J da/H. With a constant SR parameter e, an 
integration by parts with respect to a gives 



a 1 a 



Hl + e H 



(42) 



Inequality |^ can be rewritten in terms of comoving co- 
ordinates as 



Ar Ax > Z^ , 



(43) 



and the corresponding algebra of noncommutative space- 
time is time independent, 

[T,x]=ill. (44) 

The *-product reahzing Eq. (|44|l is defined as 

(/*g)(x, t) = e-(^'^/2)(9^9^'-9^9^')/(^, r)g{x', r')| .; _ . 

' (45) 
This reaHzation of noncommutativity is in contrast with 



[x^„Xi,]^iB^,^, (46) 

where 9^^, is the noncommutative parameter. This type 
of noncommutative cosmology, which does not preserve 
the FRW symmetries, has been studied in 56, " STl l58l . 
Other implementations can be found in ,59- .6(1 l6ll l62L 

ilElia. 



Defining two new objects 



y 




aX + a^i 



2a+a_ 
and the effective conformal time coordinate 

dT " ''■=« ' 
the scalar action becomes 

Jk<ko ^ 

where the primes are derivatives with respect to f]. 



(52) 
(53) 

(54) 

(55) 



A. BH models 

In the following we will adopt the short notation a — 
afr) and a± = a{T ± kl^). For the skipped details, see 
[3 . Consider now the action of a free scalar field <I> living 
in a (l-l-l)-dimcnsional FRW space. In the noncommu- 
tative models we will study, each conventional product 
is replaced by the ^-product l|lS|l : thus, the gravitational 
sector of the theory is not a completely passive spectator 
but is involved via the *-coupling of the metric with the 
matter content. The new 2D action reads, noting that 
a'^ = a * a 5], 

5'bh = f drdx - (a^$t ^ ^2 ^ Q^^ _ g^^t ^ ^-2 ^ Q^^-^ ^ 

(47) 
In the comoving momentum space, 

$(x,r)=Vi/2 /■ ^^^(^r)e'k-^ (48) 

Jk<ka ^'^ 

where V is the total spatial coordinate volume and 



fco = MsCL^ 



(49) 



is a cutoff realizing the stringy uncertainty relation. The 
most convenient way to recast the action is to write the 
scale factor as a Fourier integral, a^ij) = J dw a^(a;)e"^^, 
and perform the *-products of the complex exponentials 
in the integrand, removing the cutoff in the limit fcg — > 
cx) when absorbing the (5-integrals in momentum spaces. 
The result is 



5 « V / drdk i {(3+dr^-kdr<^k - Pi:kH^k^k) , 

Jk<ko ^ 

(50) 



where 



P^--^{ar + at'). 



(51) 



B. A ne^v prescription for noncommutativity 

yclic permutations of the *-product inside the integral 
(|47|l leave the action invariant. Therefore, it is natural to 
see whether a different noncyclic ordering of the factors 
gives a theory with interestingly new predictions. The 
other nontrivial noncommutative action one can obtain 
is 

Sncw = ^ drdx - [dr^^ * a * dr^ * a 

-d^^^ * fl-i * d^<P * fl-i) . (56) 

The same computational pattern of the previous section 
leads to Eq. (|S5|l with (3^ given by 



,±1 



Pk = ^ « 



.±'i-^ 



and 



2 a-i- + a_ 



y 



2^ 



a- 



(57) 

(58) 
(59) 



In this case there is only a partial smearing of the prod- 
uct of scale factors and one might guess that the result- 
ing noncommutative phenomenology would be less pro- 
nounced than that of BH model. In the UV limit it will 
turn out that, within a given variation of the noncom- 
mutative parameter and in some region in the space of 
parameters, the range of the quantity \as{(f>) — as{T)\ is 
slightly smaller than in the BH model but always of the 
same order of magnitude. In the infrared region, how- 
ever, the two models are almost undistinguishable; see 
Sec. El 



C. Four-dimensional effective actions and 
amplitudes 

When going to 3+1 dimensions, the measure zf. of the 
integral wiU contain the nonlocal effect coming from the 
SSUR: 



Jk<ko ^ 



(60) 



Here we will consider two classes of models. In the first 
one, we suppose the total measure to be given by the 
product of the noncommutative (l+l)-measure and the 
commutative one: 



then, as we are going to show in a moment. 



S = ^ (class 1) 

ay 



(61) 



(62) 



These models, in which the FRW 2-sphere is factored out, 
will be dubbed as "1." Another interesting prescription 
consists in replacing the commutative scale factor in z-^ 
with the effective one; then, ay -^ a^a, 



Zk 



and 



(class 2) ; 



(63) 



(64) 



models with this S will be named "2." 

Let us now look at cosmological perturbations coming 
from an inflationary era and assume, as it is the case, that 
$ is a generic perturbation satisfying the action (|60|l . 
The spectral amplitude coming from the fc-th mode of 
the perturbation is 



A' 



2fc3 
25^ 



(l<i>.P) 



(65) 



where angle brackets denote the vacuum expectation 
value and the expression is evaluated at the reference 
time fj^ to be discussed in a while. Via a change of vari- 
able, 



Uk = -Zk^k , 
the action (|6()|l gives the Mukhanov equation 



(66) 



k' 



7" 
^k 



Zk 
\2 



uk^O. (67) 

Noting that dfj/drj — {a/a^a)'^ , we get the useful relation 



V 



-1 



(68) 



in the lowest SR approximation. If the SR parameters 
are small, then they are constant to leading order because 
their derivatives are higher order. It is then possible to 
solve the Mukhanov equation with exactly constant SR 
parameters and perturb the obtained solution. Such cos- 
mological solutions do exist and can be constructed in a 
variety of situations; among them, a particularly impor- 
tant one is power-law inflation, which we will use when 
considering the infrared region of the spectrum. There- 
fore, 



Zk dfj^ \ a J z drf' 



\ a J z drf^ V a 



1/4 



1/4 



77^ 



fj2 



(69) 

where v — 3/2 -I- 0(e). With constant v, the solution 
of this equation is the same as that of the commuta- 
tive case, namely |ufc| ex {—fiY^'^Hl {—kif), where Hi, 
is the Hankel function of the first kind of order v. In 
the long wavelength limit k/{aH) -^ 0, when the mode 
with comoving wave number k is well outside the horizon, 
the appropriately normalized solution becomes, from Eq. 

(EHIi, 



Uk 



1 

2k 



-1 



kfj 



1 
2fc 



aH 



/Ooff 

V a 



(70) 



finally, one gets Eq. H33|) by inserting either definition 
(EU or ins in Eq. ^. 

Given a noncommutative brane in a commutative bulk, 
the nonlocal smearing will only affect the pure four- 
dimensional part of the graviton-zero-mode action, while 
leaving the pure transversal normalization unchanged; 
from the discussion in Sec. ^ it is then clear that 
the noncommutative tensor spectral amplitude will be 
Aj = A^f^'^Y,^ ex ^o(yb)^?(4D)- Therefore, for the gravi- 
tational spectrum, <I> denotes the coefficient functions of 
the noncommutative 4D polarization tensor /i},^. (*a;) and 
z is given by Eq. (|2SJ). 

In the case of the inflaton field, $ = 7?. is the curva- 
ture perturbation on comoving hypersurfaces, generated 
by quantum fluctuations of the field filling the early Uni- 
verse. 

The action and Mukhanov equation for a perturbation 
generated by a tachyon field has an additional factor in 
front of k'^ in Eqs. l|^ and l|^ . namely the speed of 
sound for the perturbation: k"^ — > c|/c^ |6a,|63. Since 
the SSUR does not affect products of homogeneous quan- 
tities, the noncommutative generalization of the tachy- 
onic scalar amplitude is straightforward |68j |. Now, one 
may ask how the inhomogeneous version of the original 
Born-Infeld action ((SJ is modified when inserting the *- 
products. Let us recall that noncommutativity naturally 
arises in string theory when a Neveu-Schwarz-Neveu- 
Schwarz (NS-NS) i3-field is switched on in the low-energy 
tree-level action. However, this results in a linearization 
of the tachyonic action and, on the other hand, a large 
noncommutative parameter may trigger brane decay pro- 
cesses J69j; therefore, the simple noncommutative version 
of the cosmological tachyon might seem too naive. 



Anyhow, tachyon scenarios are not new to counterin- 
tuitive behaviors. In the slow-roll approximation, e oc 
T^ <C 1, the action © can be linearized and the rescaled 
field (p — VVT behaves like an ordinary scalar; neverthe- 
less, the theoretical prediction encoded in the consistency 
relations is different with respect to that of the genuine 
scalar scenario [see Eqs. (|38f) and (|39f) ]. Here, some- 
thing similar happens, imagining to turn on and increase 
the i?-field smoothly, and the final result differs from the 
scalar case indeed. 

Moreover, the stringy linearization is a feature of real- 
ization H46|l rather than H44|l and the former may give rise 
to a different cosmological model in which FRW isotropy 
is not preserved [531 ; also, a priori it would be highly 
nontrivial to construct a Lorentz-violating cosmological 
brane model (in fact, in the case of a de Sitter brane, 
maximal symmetry is crucial for coordinate-separating 
the graviton wave equation p5ll55l|). 

To further understand the difficulties lying in a full 
implementation of noncommutative string theory in cos- 
mology, it is important to stress that all that has been 
said about the algebra (|46|l (i.e. instability and cosmolog- 
ical scenarios) is true only in a purely spatial *-product, 
f^oi = 0. When trying to introduce noncommutativity in 
both space and time, as is the case of realization (|44|l . 
it may be difficult to achieve a coherent, well-defined 
theory. In fact, in the Seiberg-Witten limit reproduc- 
ing the noncommutative geometry, Of^i, and a'B^i, are 
kept fixed while B^i, — > oo and the Regge slope a' -^ 0. 
Let Ei — Boi be the electric part of the NS 2-form and 
assume E = \Ei\ ^ 0. Then, while the i?-field goes to 
infinity and approaches the critical value E^r = (2a')"^j 
a classical instability develops and the rate of open string 
pair production diverges [73; heuristically, the string is 
tore apart by the increasing electric field strength. For 
these reasons we regard algebra (|44f) as the starting point 
of the cosmological setup rather then the ultimate prod- 
uct of some high-energy theory, for the moment leaving 
the details of the latter aside. 



D. The UV region 

In order to correctly evaluate the perturbation spectra, 
one must determine the time 770 when the fc-th mode is 
generated and, later, when it crosses the Hubble horizon. 
Because of the momentum cutoff (|49|l . the analysis for 
the noncommutative case must be conducted separately 
in the mildly and strongly noncommutative regions. 

From the very beginning, one can define the time 77* 
when a perturbation with wave number k crosses the 
horizon by the formula /c* = A:(?7*) — a{fj^,)H{fj^,). This 
relation provides an operative definition of the number 
of c-foldings {k ex H exp N) and the time variation of 
k, Eq. if^ . Of course, this is valid for any cosmology 
in which time definitions have zero uncertainty, that is, 
for commutative cosmologies and noncommutative cos- 
mologies in the range far from the upper bound H49|l . in 



the so-called ultraviolet region, where k^, <^ k^. In fact, 
the time of horizon crossing is different from its com- 
mutative counterpart 77c, since 77c < 77* and the crossing 
mode is delayed [3- In [lj| this effect is quantified as 
/cc/fc* = exp[-(77* - 77c)]. 

On the contrary, one might define the horizon crossing 
through the z function as 



kl = ^^ 2{aHf 



(71) 



and get an extra factor of 2; due to the structure of the 
Mukhanov equation, this approach would be valid in any 
case, let it be the commutative or the noncommutative 
one. 

In the UV region, the cosmological energy scale when 
the perturbation is generated is much smaller than the 
stringy scale, H{T)>fjQ) < H(jjo) <C Ms, and noncommu- 
tative effects are soft; thus, the smeared versions a± of a 
can be approximated by a since 



kP^ < n 



(UV region) , 



(72) 



from Eq. (|42|) . It is convenient to define the noncommu- 
tative parameter 



kH 



whose time derivative is 



/i = -AH^ie . 



(73) 



(74) 



Note that this relation states that /i is almost constant 
in a rapidly accelerating background, regardless of its 
magnitude. The analogy with the evolution equations 
of the SR tower, e.g., Eq. l(T^ . suggested the authors 
of [Ij, [Ijl treat ^ as a sort of SR parameter, keeping 
all the parameters at the same truncation level in the 
expressions of the UV observables. 
At horizon crossing. 



M* 



^^\k=V2aH - 2 



H 

M~s 



(75) 



and Eq. l(7^ is valid for ^*, too. The ultraviolet re- 
gion is by definition the region in which H/Mg <C 1;^ it 
is characterized by long wavelength perturbations gener- 
ated inside the Hubble radius and, in a cosmic microwave 
background (CMB) spectrum, this would correspond to 
the portion of the Sachs- Wolfe (inflationary) plateau with 
not-too-small spherical modes, 10 ;$ / < 100. 

In the commutative case, to use one pivot scale instead 
of the other amounts to different next-to- lowest-order ex- 
pansions in the SR parameters; the 4D consistency equa- 
tions are thus unaffected, since the introduction of the 



^ Without risk of confusion, wo will continue to use the symbol ^ 
to indicate the ratio H/Ms when discussing the UV limit (/i <C 1) 
of spectral quantities. 



optimized pivot scale (|71|) results in a rescaled coefficient 
C ^ C + In \f2 and this one is not present in them (see, 
e.g., [iJI and references therein for details). This is also 
true in the RS scenario [tJI as well as in general patch 
cosmology \i% - 

In the noncommutative case, the change of the pivot 
scale doubles the magnitude of the parameter (|75|) . The 
resulting models will display the same theoretical features 
of the fc — aH models, but shifted backward along the 
energy scale determined by the ratio H/Mg. Observa- 
tional constraints should take the rescaling of the string 
mass into account, when changing the pivot scale. 

In the limit (|72|l . we can Taylor expand the scale fac- 
tors a± around r for small k. To first order in the SR 
parameters and to all orders in /x, the nonlocal depen- 
dence of the scale factor is 



a(r±/c/2) = a(T){l±v7^+[±V7I 

- (l±V]I)ln(l±VM)]e} 



Oie'), 



(76) 



where the factor in front of e comes from a series whose 
radius of convergence is /x < 1. More precisely, when 
fJ,^, < 1 then H/Ms ^ 0.8 . Since we are interested in 
lowest-SR-order amplitudes, we can neglect the SR tower 
and find 



a± « (1 ± y/JI) a . 



(77) 



The concrete procedure to compute the spectral ampli- 
tudes will be to use the horizon crossing formula H71|l at 
ry* in the UV region, and the saturation time f/Q in the IR 
region. In Jj and other papers these instants are dubbed 
jyfc and 77°, respectively, to highlight the dependence on 
the wave number. 



E. BH model IR region 

In the IR region things are quite different: the wave 
modes are generated outside the horizon and, since they 
are frozen until they cross the horizon, their magnitude 
depends on the time when they were generated. This 
corresponds to the (fc-dependent) time 770 when the SSUR 
is saturated, k^fjo) = ko{fio), and quantum fluctuations 
start out with their vacuum amplitude. The effective and 
smeared scale factors must be evaluated at this instant; 
the expansion (|77|l is no longer valid since H ^ Mg in 
the infrared. To proceed one can explicitly use the exact 
solution around which the equation of motion for the 
perturbation has been expanded. The power-law solution 
corresponds to a constant index w, when the scale factor 

is a(r) =aoT"/("+i),andif = naor-i/("+^V("+l)- For 
an exponential scale factor (de Sitter expansion, n — > cx)), 
a{T) = Ht, in accordance with Eq. H42() . From equations 
(P|l and |S^. 



where tq = ''■(J70) and 



2V'^ ni.^' 



In the infrared region, 

kll « To (IR region) , 
and 

a = HkllVTT^, 



(79) 



a± = HklUVT+S±l] , 



(80) 

(81) 
(82) 

where evaluation at tq is understood. When S ^ 1, we 
recover the UV or quasicommutative region since kl^ <C 
To < T*. Actually, the UV and IR spectra may be joined 
together in an intermediate region, as it was shown in 
[lO|; in particular, see their Eq. (12), corresponding in 
the de Sitter limit to T,'^ ^ S{1 - 3^/iJ.j2). We wiU not 
be able to recover this spectrum within our formalism; 
however, we will describe other hybrid regimes by using 
the methods adopted in the IR region (2 < / < 10) for 
(5^1. For future reference, note that 



S = 2SHe . 



F. New model IR region 



(83) 



In the "New" model, the effective scale factor is given 
by Eq. igHll- From Eq. (gnj. 



To 



^kll^/TT^, 



where 



\i^ 



1 + 4(52-1 



(84) 



(85) 



With this definition, the new expressions for a and a± 
are identical to Eqs. 1)81(1 and ((82|l . with 5 replaced by 7. 
Equation (|55|) is replaced by 



' 1 + 27 



(86) 



In the far IR region, 7 w (5^ ^ 1, while in the UV limit 
7 w 5> 1. 

Without further justifications, the IR region of the 
spectrum, H ^ Ms, may be not very satisfactory from 
a string-theoretical point of view, both because we are 
above the fundamental energy scale^ and due to the 
above-mentioned classical instabilities. As it is done in 
many other occasions in early-Universe cosmology, we 
will turn a blind eye to this point and seek what are the 
observational consequences of the extreme regime of the 
present noncommutative models. 



To = kf^VTTd, 



(78) 



'^ However, the space-momentum stringy uncertainty relation, im- 
plying Axp > Is, is not a universal property of the theory. 



IV. NONCOMMUTATIVE ZOOLOGY 

We are ready to collect all the machineries developed 
so far and inspect the noncommutative models at hand. 

A. BHl 



In the BHl case, 






E2 




(87) 


the UV region, 






S^ = 


l + /i* ' 


(88a) 


a — 


1 - m5 ' 


(88b) 


a = 


(2 + Ai*)(l-M2)" 


(88c) 



For n <ti I one recovers the nearly commutative, fj,- 
expanded behavior^ 



a 
a 



In the IR region. 



I]2 =. 



1 -4^* 
4. 



(53 



{2 + S){l + S)^' 

4(2(5 + 3) 
{2 + 6)(l + d) ' 

26(26^ + 66 + 5) 
(3 + 2,5)(2 + ,5)(l + ,5) 



(89a) 
(89b) 
(89c) 



(90a) 
(90b) 
(90c) 



In the commutative limit ((5 3> 1), S^ w 1, while in the 
strongly noncommutative regime (6 ^ 1), S'^ k, 6^ /2 and 
cr « 6 — 5(5, in agreement with |1C1|.^ 



In the UV, 

T? = 1 — /i* , 
4^* 

1 - A'* 
4 

(T = . 

For /i <C 1, CT « 4^* and ct sa 4. In the IR, 



E2 = 



5+1 

2 
2(5 



(92a) 
(92b) 

(92c) 



(93a) 
(93b) 
(93c) 



When (5< 1, cr w 2(1 - (5). 



C. Newl 

The correction to the commutative amplitude reads 

. _ 2(a+a-)3/2 



In the UV region, 



a?{a+ + a_) 

1 - Ai* 
4 



l-^i. 



In the IR limit. 



7 



1+7 
6 



3/2 



1 + 27' 
87(7 + 1) 

(1 + 27)2 



(94) 

(95a) 
(95b) 

(95c) 

(96a) 
(96b) 
(96c) 



In the strongly non-commutative limit (7 ^ 1), S" 
73/2 anda = 6 + 0((52). 



B. BH2 



From equations ifS^ and (|Mjl . 



^2 ^ Q+Q- 



(91) 



* Throughout the paper we will keep only the leaiiing-oriier term 

in the approximated a since there is a ct factor in front of it in 

Eqs. EIJ and ^^S- 
^ Eqs. (44)-(47) of |2 are not correct, d ue t o a missing power of y 

in the inserted 2^; in Eqs. (23)— (25) of lir| the correct amplitude 

is recovered. 



D. New2 

From Eqs. (|55|l and l|M|). 




^2 _ v«+«- 

a 
be UV limit gives 


(97) 


2/1, 


(98a) 
(98b) 



1 - M* 



(98c) 
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In the IR region, 



TABLE II: The commutative limit, to lowest order in /i ^ 1. 



7 



1/2 



7+1 
2 
1 + 27' 

87(7+1) 
(1 + 27)2 



(99a) 
(99b) 
(99c) 



For 7 < 1, cr = 2 + 0{5^ 



V. DISCUSSION 

To summarize, we can compare the considered mod- 
els in the perturbative limits, that is, the UV commu- 
tative limit (/i <C 1) and the IR noncommutative limit 
((5 « ^/7 ^ 1). Trivially, in the nonperturbative or com- 
mutative IR region ((5 w 7 3> 1), a sa aj- and one recovers 
the standard spectrum, Y?' = \ and ct = 0; also, by con- 
struction, the noncommutative UV region is ill-defined. 

In general, we can write the UV commutative limit of 
the relevant quantities as 



C2 « l-b^i^ 
a w 4, 



(100a) 
(100b) 
(100c) 



where 6 is a constant. As anticipated, the structure of 
the IR amplitudes also permits a perturbative expansion 
around 1/5; in this case, spectral amplitudes are eval- 
uated at fc ^ fco via the power-law solution. The IR 
commutative limit is then 



l-6vW2, 



a « 2; 



(101a) 
(101b) 
(101c) 



from the previous discussions, it is natural to interpret 
this as an intermediate momentum region at the edge of 
the UV regime, around ^ ^ 1 where Eq. fTTjl ceases to 
be valid, and corresponding to perturbations generated 
across the Hubble horizon. In fact, what one does is 
hit this region starting from the low-momentum IR side. 
The above-mentioned junction spectrum of |lOl | is located 
somewhere closer to the infrared. 

Table m shows that all the models display similar 
asymptotic limits toward different numerical coefficients, 
the BH ones being larger than the New ones; the coeffi- 
cient of BHl is 4 times that of model 2 within each region 
(UV or IR), while this ratio is reduced to 61/62 = 3 in 
the New model. Thus, there is less difference between 
model Newl and model New2 with respect to that oc- 
curring between BHl and BH2, further confirming that 
the "half-smearing" of the new scenario somehow softens 
noncommutative effects. 

The intermediate spectrum (|101|) breaks down when 
S2 < 0, that is when H/Ms > 0.5 (BHl), 0.8 (Newl), 1 



Model 



BHl 
BH2 

Newl 
New2 



b (commutative limit) 



4 
1 

3/2 
1/2 



(BH2) and 1.4 (New2); therefore Eq. l(TUTl) weU describes 
class 2 models at the UV boundary /i ^ 1 while it is not 
particularly reliable for class 1 models. 

In the deep UV or commutative limit, the linear ap- 
proximation (|100|l properly encodes all the phenomenol- 
ogy of the models; however, the exact noncommutative 
amplitude better describes the behavior of the cosmolog- 
ical observables in the full span of the UV region. To 
see this, let us compare the function a, governing the 
energy dependence of the spectral index (|35|l . with its 
approximated version a^^^^ given by Eq. I)100b|) : we plot 
the quantity {a — (T^pp,)/cr for the UV models in Fig. ^ 
The BH2, Newl and New2 models display the same lin- 
ear trend in /i,, while the BHl curve is a little below 
the bisector; the approximation error is up to 50% for 
/i* ^ 0.5, correspondig to H /Ms ^ 0.7, and goes below 
10% when H/Ms ^ 0.5. An analogous treatment of Eqs. 



a 



0.5 



0.4 - 



0.3- 



0.1 




0.5 



FIG. 1: The relative approximation error (cr — o-appr)/cr vs fi, 
in the UV sector. The thin line is for BHl, the thick line is a 
superposition of BH2, Newl and New2. 

(|38|l and H39|) shows that the difference between the /i- 
exact and the approximated scalar running may be even 
greater than the WMAP experimental error for this ob- 
servable, as— Q;s,appr ^ 10~2^ for any 9 and suitable values 
for Us and r in the allowed range. Therefore, the follow- 
ing analysis has been conducted with the full nonlinear 
amplitude. 

Table IIIII reports the noncommutative high-energy 
limit in the IR region. In particular, the spectral am- 
plitude of Newl is twice the amplitude of BHl; however, 
within each class (1 and 2) a unique set of consistency 
relations is generated. In the perturbative noncommuta- 
tive limit, (5^1, the IR version of (cr — <7^pp,)/a is shown 
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in Fig. [5] The relative approximation error is up to 20% 
for the BH models and S < 0.5, while it is up to 40% for 
the New models. The curves of Newl and New2 models 
coincide. 



lowest order in SR, setting rit ^ O(e^); (3) The highest 
proportionality coefficient is provided by GB class 1 mod- 
els, allowing a greater tilt given the same tensor-to-scalar 
ratio. 



TABLE III: Noncommutative zoology in the IR high-energy 
limit, to lowest order in <5 -C 1. 



Model 



BHl 

Newl 

BH2 

New2 



IR noncommutative limit 



5 

5 





0.2 




0.1 







a 


-0.1 




-0.2 




-0.3 




-0.4 




0.5 



FIG. 2: The relative approximation error (a — a"appr)/o" vs 
5 in the IR sector. The thin solid line is for BHl, the thin 
dashed line is for BH2 and the thick line is a superposition of 
Newl and New2. 

In standard cosmology, the consistency equation re- 
lating the tensor index rit and r is adopted in order to 
reduce the space of parameters. Until now, this has been 
done only for the 4D and RS cases, both displaying the 
same 4D degenerate version of Eq. (|40|l . The function 
a contains a new theoretical parameter, the string en- 
ergy scale Ms, which enlarges the standard space of cos- 
mological variables. In principle, this might pose some 
problems if one wanted a reasonably stringent constraint 
on the observables, facing an uncertainty similar to that 
one gets when keeping rit unfixed JTJl- In the UV com- 
mutative region a <C 1, however, one can use the known 
results for the 4D and RS likelihood analysis in order to 
compare the consistency equations in the allowed range 
[7J|. For the Gauss-Bonnet case one should rely on the 
results found in ^, J7^] . 

The IR noncommutative limit is easier to deal with 
since the asymptotic form of Eq. (|40l) is independent of 
the string scale, as it is shown in Table Hvl Some features 
are particularly interesting: (1) The infrared RS-2 mod- 
els are the only ones with a negative tensor tilt, other 
noncommutative realizations giving a tilt sign opposite 
to that of the commutative case; (2) 4D class 2 mod- 
els predict an exactly scale-invariant tensor spectrum to 



TABLE IV: The consistency equation (1401 in the commuta- 
tive UV and noncommutative IR limit. 



( Non) commut at i ve 
models 



Commutative UV {a - 
Class 1 IR (ct = 6) 
Class 2 IR (cr = 2) 



0) 



GB 



nt/r 
RS 



4D 



Although there are 3 • 2"* = 48 models at hand and 
a great amount of information to deal with, some pre- 
liminary considerations will permit us to simplify such 
an intricate taxonomy and draw theoretical curves in 
a reasonable region in the ris — r plane. Let us first 
compare the BH scenario with the New one and de- 
fine \a\ = (ctbh + crNow)/2 and A = (ctbh - cr^o^)/\'y\- 
Figure 3(a) shows that in the commutative region BH 
and New models are considerably different, being A"^ — 
2{n^+5)/{7n^+5) - 10/11 when fi^ ^ and A^^ = 2/3. 
In the limit /i, ^ 1, A^^ — > Aj^; this is a spurious ef- 
fect due to the breaking of the Taylor expansion |(77J), 
as one can see by considering the commutative limit of 
the IR spectra in Fig. 3(b). In fact, Af ^ Af when 
(5 ^ V2 and, as expected, Af -^ 10/11 and Af -^ 2/3 
when 5 ^ cx). All this is in accordance with Tabic ITU 
However, in the IR noncommutative limit there is little 
difference between BH and New models, being A < 10%. 
Therefore, we will only show the results of New in the in- 
frared and skip the almost identical counterparts in BH. 

A similar inspection shows that class-1 and class-2 
models are quantitatively nondegenerate, getting cti = 
3cr2 for New and BH-IR, and cti = 4ct2 for BH-UV, in 
agreement with Tables ^ and IIIII Note that these re- 
sults are independent of the bulk physics. 

The versatility of the patch formalism allows coupling 
it to a noncommutative background in a great number of 
ways. For example, a realistic picture of the cosmolog- 
ical evolution would be to adopt one particular patch 
regime in a time interval when a given region of the 
(non)commutative spectrum is generated; one may then 
associate the IR region of extra-horizon-generated per- 
turbations with the early-Universe high-energy period, 
when the extra dimension opens up and the Friedmann 
equation suffers either GB and/or RS modifications. The 
consequent evolution is GB-IR -^ RS-IR/UV -^ 4D-UV. 
Another possibility is to consider pure energy patches and 
study the noncommutative spectrum in GB, RS, and 4D 
separately. 

Let us compare the running of the scalar index of 
ordinary-infiaton and tachyon-infiaton fields. 



Aas = as(0) ~as{T). 



(102) 



Since the graphic material is very abundant, we give just 
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a selection of it; the full set of bi- and three-dimensional 
figures of this and other combined analyses are available 
upon request to the author. In Fig. 4 the relative run- 
ning Aas{ns = 1, r, /i,) is presented for 4D noncommuta- 
tive models in the ultraviolet. Two-dimensional slices are 
then displayed in Figs. 5 and 6. Figure 5 shows that the 
relative running in Randall-Sundrum is rather modest; 
on the contrary, in GB and 4D noncommutativity may 
conspire to bias Eq. (|102|l and, in particular, the scalar 
running above the current WMAP uncertainty estimates, 
0(10^^). Braneworld effects, if any, should become more 
apparent in Planck data, for which the forecasted error 
is one order of magnitude smaller, Aas ~ O(10~^) |7q| . 
In each 2D plot we keep the commutative model as a ref- 
erence. Note that to increase either Ug or S (/i~^) pushes 
Aas toward positive values. Finally, Figs. 7 and 8 show 
some features of the New scenarios in the infrared region. 



VI. CONCLUDING REMARKS 

In this paper we have considered several classes of 
noncommutative inflationary models within an extended 
version of patch cosmological braneworlds, starting from 
a maximally invariant *-generalization of the action for 
scalar and tensor perturbations. Observables and con- 
sistency relations are provided via a SR approximation. 
The main results are: 

• Class 1 and class 2 models are appreciably distinct 
from each other in the full span of the spectrum. 

• BH and New models give almost the same predic- 
tions in the IR region of the spectrum. 

• The relative running H1U2|I is generally more pro- 
nounced in the GB scenario than in 4D, while in 
RS the effect is less evident. 

• Either increasing Us or going to the commutative 
limit, H/Ms -^ 0, the relative running Aas tends 
toward positive values. 

• The consistency relation rit oc r, Eq. H4U|) . greatly 
differs from one noncommutative model to another. 



These models are far from being fully explored. For in- 
stance, one could impose also the extra dimension(s) to 
be noncommutative and extend the algebra (|44|l or other 
realizations to the transverse direction(s). A brane with 
finite thickness would emerge because of the minimum 
length scale Is ; in this case our analysis could be thought 
as performed on mean-valued quantities along the brane 
thickness. For example, p ^ (p) ~ /brane '^^J'' P ^ (p)' 
and so on. The subject requires further attention and 
a good star ting po int might be the cosmological thick 
brane setup [zl [zl [zl Hfl HI HI HI 11 HI il ■ 

An interesting possibility is to choose another vacuum 
state rather than the adiabatic vacuum with which the 
perturbation spectrum is usually calculated. This scheme 
has been outlined in [l^ and developed in |15ll20l| . 

Other important aspects might be the subject of fu- 
ture studies. First, the use of the gravitational version 
of the function ^(77), Eq. (|27|l . would permit one to com- 
pute next-to-leading-order expressions both for the ten- 
sor amplitude and the consistency equation for the ten- 
sor index l7ll l73 | . Secondly, a numerical simulation of 
the CMB spectrum as well as a likelihood analysis in- 
volving the consistency equation H4U|) . or its next-order 
version, in the IR limits of Table IIVI are required in or- 
der to constrain the space of cosmological parameters in 
the low-momentum region of the perturbation spectra. 
Third, different analyses would point out other impor- 
tant aspects of the models; one may set his/her fancy 
free by looking at cross comparisons like in |2a| and de- 



fine general relative runnings Aas = as {4') 



af\i,'). 

Also, stand-alone analyses with explicit infiationary mod- 
els would constrain the inflaton potential according to 
the predictions for the cosmological observables obtained 
from the SR expressions for nj, Us^ and Ofg. All these 
topics are currently under investigation. 
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